Abstract. With central densities as high as 5-10 times the nuclear saturation density, neutron stars exhibit extreme conditions that cannot be observed elsewhere. They are ideal astrophysical laboratories for probing the composition and properties of cold, ultradense matter. We shall discuss taking into account currently available data from observation, how to reveal possible sharp phase transitions in dense neutron star cores.
INTRODUCTION
We observe neutron stars by detecting photons, neutrinos and gravitational waves emitted from them. The groundbreaking discoveries of two-solar mass pulsars [1, 2] renewed the lower bound on neutron star maximum mass, which impose stringent constraint on the theoretical models. The gravitational-wave (GW) emission from a binary neutron star (BNS) merger was first detected in August 2017 [3] , followed by its electromagnetic counterparts seen by many observatories all over the world. It was confirmed that information on the tidal deformability of neutron stars, a physical quantity that describes to what extent stars are deformed in response to an external tidal field and is sensitive to the radius, can be extracted from the pre-merger gravitational-wave signal. Other remarkable observational advances include, continued monitoring of the thermal radiation from accreting and isolated neutron stars which provides the evidence for the existence of a neutron star crust, accurate measurements of changes in the spin rate of fast-rotating pulsars inferring the presence of some superfluid component in their interior, and the serendipitous observation of neutrinos and visible light from the Type II supernova SN 1987A in the Large Magellanic Cloud.
Global aspects of neutron stars are determined by the equations of state (EoS) of dense matter encountered in their interiors, which relates the energy density to the pressure; their thermal and spin evolution, as well as the gravitational-wave and neutrino spectra are instead highly sensitive to the material properties such as opacity, viscosity, elasticity, superfluidity, and also to the neutrino-matter interaction, neutrino oscillation, et cetera. These properties differ significantly among various forms of matter because of the low-energy degrees of freedom and their interactions. Taking into account that there are many choices, it will be necessary to combine all available observational data in a comprehensive framework to discriminate them. Strong first-order phase transitions in particular, if realized in the neutron star cores, can lead to some maximally distinguishable signatures.
So far we have two best, independent constraints from observation on the "stiffness" of equations of state, which characterizes how fast the pressure p is rising with energy density ε. Stiff EoSs in general give rise to larger neutron stars with higher maximum masses. EoSs that are too soft have been eliminated by the discovery of massive pulsars, whereas the pre-merger gravitational-wave signal indicates that too stiff EoSs correlated with large tidal deformation seem to be inconsistent with observation. FIGURE 1. Exemplary hybrid EoSs with a sharp phase transition from hadronic matter (DBHF) to quark matter (CSS). Panel (a): the sound-speed-squared as a function of the baryon number density for DBHF hadronic EoS (black dashed), with the density range for various sharp transitions enclosed by colored vertical lines. For each set of two vertical lines with the same color, the left one (solid) starting from hadronic curve down to zero marks the onset density of phase transition in hadronic matter n trans , and the one to the right (dotted) jumping to maximal c 2 s = 1 refers to the density in quark matter just above phase transition. Note that 1/c 2 s encounters a singularity at n trans , not a finite discontinuity. Two horizontal lines represent the causality limit c The tension between the existence of massive pulsars and the small tidal deformation inferred from the one observed merger (and also the possibly small radii from X-ray observations) can be reconciled by:
1. a rapid switch from a soft EoS to a stiff EoS over a narrow pressure range in normal hadronic matter (the "minimal scenario"), as indicated from e.g. computations of chiral effective field theory (chEFT) [6] and quantum Monte Carlo (QMC) methods [7] , or 2. a crossover region of hadron-quark duality (the "crossover scenario") presumably within 1.5-5 times saturation density, generally yielding simple mass-radius topology (as in e.g. quarkyonic matter or interpolated EoS [8, 9, 10, 11] ), or 3. strong first-order phase transition(s) at some supranuclear densities, creating an intrinsic softening of the EoS due to the finite energy density discontinuity with sufficiently stiff quark matter above the transition.
It is noteworthy that the speed of sound, c s = ∂p/∂ε, is a direct measure of the stiffness model-independently, and its behavior differs drastically in the three scenarios aforementioned (apart from obeying the causality limit c 2 s ≤ 1 universally). Although at asymptotically high densities all EoSs should approach the QCD limit c 2 s ≈ 1/3 [12, 13, 14] , uncertainties of the speed of sound behavior at intermediate densities relevant to neutron star cores are still huge. It has been shown that to be compatible with the observational constraint M max ≥ 2 M , within normal nuclear matter scenario c s is possibly reaching values closer to the speed of light at a few times nuclear saturation density; strong first-order transitions induce diminishing c 2 s at the quark-hadron interface (see e.g. dotted segments in FIGURE 1 (a)) with a certain energy density gap, for which the allowed parameter space is larger if the sound speed in quark matter is higher (preferably c 2 QM 0.5 when the hadronic EoS is soft and c 2 QM 0.4 when the hadronic EoS is stiff [15, 16] ); for smoothly continuous hadron-quark crossover transition, c 2 s undergoes change in concavity at least twice. Below we shall elaborate on the "sharp phase-transition" scenario and demonstrate its observability with regard to measuring global, static quantities; given the uncertainty in estimates of the surface tension between hadronic and quark matter, sharp interface (Maxwell construction) is assumed instead of mixed phase (Gibbs construction). We applied the generic "constant-speed-of-sound" (CSS) parameterization [15] of a first-order transition to a high-density phase, specifying the critical pressure at which the transition occurs, the strength of the transition, and the "stiffness" of the high-density phase. For hadronic matter, the Dirac-Brueckner-Hartree-Fock (DBHF) EoS [18] is chosen for illustrative purposes. On the one hand, placing the constraint that NS maximum mass must be above 2 M already rules out a considerable parameter space for quark matter [15, 16] ; should in the future a pulsar heavier than 2 M be detected 1 , we anticipate even better limits on the phase transition properties. In addition, a reasonable upper bound on the radius of a massive pulsar inferred from multi-messenger observations holds the promise of ruling out not only nuclear matter EoSs that are too stiff, but also quark matter EoSs that are too soft. For instance, if it is confirmed that R M=2.1 M 12 km or R M=2.0 M 11.5 km, then soft quark matter with c 2 QM ≤ 1/3 becomes incompatible immediately regardless of the feature of nuclear matter at lower densities [16] . On the other hand, allowing strong sharp phase transitions typically induce smaller tidal deformability of neutron stars compared to normal nuclear EoSs, resulting from sizable changes in both the radius and tidal Love number k 2 [20] .
The most distinctive feature of hybrid EoSs with a sharp phase transition is the possible discontinuity in the mass-radius relation, as well as the drastic change in the tidal deformability from below to above the threshold for phase transition. If the phase transition is sufficiently strongly first-order (large enough ∆ε) and occurs at low enough density n trans , there can exist a hybrid star branch on the M − R (and Λ − M) diagram that is disconnected from the normal hadronic branch (e.g., curves (i), (ii), (iii) in FIGURE 1(b) and FIGURE 2) , the "third-family" of stars. If there is a second phase transition, then there might be "fourth-family" hybrid stars with even smaller radius and tidal deformability [21, 20] . Consequently, allowing phase transitions may rescue normal stiffer EoSs that were ruled out by the LIGO detection of GW170817 [22] .
The emergence of discontinuous mass-radius relation as well as multivalued tidal deformabilities is essential for distinguishing quark matter using global quantity measurements. These distinctive features could possibly be realized only in the strong sharp phase-transition scenario, unlike in the crossover or weak phase-transition case where exotic matter basically resembles normal nuclear matter in terms of static properties that are solely determined by the EoS, and becomes barely discernible. Note that self-bound strange quark stars (SQSs) possess unique mass-radius relation, and they form a separate family of stellar configurations.
Another promising global observable that can potentially help discriminate exotic matter is the moment of inertia, which enters into several well-known universal relations that are fairly insensitive to the EoSs if phase transitions are not taken into account. For example, the strong correlation between the dimensionless moment of inertiaĪ = I/M 3 and dimensionless tidal deformability Λ is found to be accurate within 1% [23, 24] , but with sequential first-order phase transitions into quark matter the deviation can be as large as ∼ 9% [20] .
In summary, to "detect", or to infer exotic matter from measuring global, static quantities of neutron stars are probably very difficult or even unfeasible, unless there are strong first-order phase transitions that dramatically affect the radius and tidal deformability, and also challenge universal relations involving the moment of inertia.
HINTS THAT NEUTRONS AND PROTONS ARE NOT ENOUGH
Neutron stars lose energy by neutrino emissions from the interior and photon emissions from the surface. In normal scenario of neutrons and protons, only massive enough neutron stars can possibly trigger fast cooling through direct Urca and are much colder, of which the threshold is controlled by the density dependence of symmetry energy in the EoS [25] . Besides, the existence of superfluidity quenches other cooling processes, but at the same time introduces additional cooling through the breaking and re-formation of Cooper pairs in close proximity to the superfluid critical temperature. Superfluidity also alters the specific heat that can affect the cooling efficiency (for a review, see e.g. [26] ).
While excluding fast neutrino-emission mechanisms such as nucleonic direct Urca can still be compatible with current data for isolated cooling neutron stars, as long as Cooper-pair induced neutrino emissivity is suitably operating to accommodate certain sources, it is nearly impossible to avoid fast neutrino emission from observed cooling sources in transiently accreting systems [27, 28, 29] . Whether the enhanced cooling required is associated with exotic matter remains nevertheless unknown, which necessitate a further complete study quantifying all possible uncertainties. It is also intriguing that the estimated low to intermediate mass for the accreting neutron star in SAX J1808.4 3658 [30] could hardly fit in standard models given its extremely low luminosity [31] , which implies some exotic composition might be present in its core.
More evidence for the need of additional physics comes from the confrontation of r-mode instability window with accumulated X-ray data of spins and temperatures of neutron stars in low-mass X-ray binaries (LMXBs). Nascent neutron stars could spin as fast as allowed by the mass-shedding limit (∼ 1 kHz), at which the velocity of the surface equals that of an orbiting particle just above the surface. Observed young pulsars however, all spin with surprisingly low frequency around 10-100 Hz. One plausible explanation for this phenomenon is that r-modes of global, nonradial oscillations were driven into instability, which grow exponentially emitting gravitational waves that quickly spin down the star on a timescale of days to months after the neutron star was born [32] . The r-mode instability window is determined by the balance between the gravitational-wave radiation which is the driving force, and the viscous dissipation from particle scattering and transformation in dense matter which is the damping force. The "minimal model" based on hadronic matter only is insufficient to explain fast-rotating neutron stars we observe in LMXBs, irrespective of the specific EoS models [33, 34] .
PHASE-CONVERSION DISSIPATION (PCD) AT SHARP INTERFACES
Possible nonlinear saturation mechanisms that can saturate r-modes at tiny amplitudes compatible with observations α 10 −8 [35, 36] would require either superfluidity [37] or phase conversion between hadrons and quarks [38] .
However, the former mechanism is restricted by superfluid critical temperatures, prohibiting it from working in warm stars; the latter comes with a range of simplifications (e.g. steady-state motion of the phase boundary) and is only effective for reasonably big quark cores, with superfluid effects being neglected at least close to the hadron/quark interface. Here we briefly review the basic concept of phase-conversion dissipation (PCD) for sharp transitions in neutron stars, and report a first estimate on its EoS dependence. Due to global density/pressure oscillations caused by e.g. r-modes, the flavor-changing process d ↔ s is driven out of equilibrium. Finite rates of the weak interaction and flavor diffusion together lead to a phase lag in the system's response periodically which dissipates energy (see FIGURE 3(a) for a schematic) , in analogous to the standard bulk viscosity which also exhibits a resonant behavior. Effectively, in the subthermal regime (∆µ T µ) the hadron/quark interface moves back and forth, converting hadrons into quarks and vice versa. The boundary velocity is determined by the diffusion coefficient for strangeness and the weak interaction rate, and because in nuclear matter diffusion is less efficient and weak interactions take more time to proceed, the quark-to-hadron half cycle dominates the dissipated energy. 3. Panel (a): schematic plot of the strangeness fraction profile close to the interface where (for the half cycle shown) pure neutron matter is being converted into pure quark matter, as the boundary moving from the high-density side to the low-density side with velocity v N→Q = dR b /dt using steady-state approximation. Panel (b): dissipated power due to phase conversion (solid red curve) as a function of the r-mode amplitude α for a specific example hybrid star; adapted from [38] . FIGURE 3(b) displays the dissipated power as a function of the r-mode amplitude for a hybrid star rotating with frequency f = 600 Hz, with its quark core size R b /R = 0.56 and the internal temperature T = 10 8 K. The hadronic matter EoS is taken from [6] ; for the quark matter EoS we use CSS parameters n trans = 4.0 n 0 , ∆ε/ε trans = 0.2, and c 2 QM = 1. Note that the hybrid branch is connected to the hadronic branch in this case, due to the smallness in the energy density discontinuity of the EoS (a weak sharp transition).
At ultra-low amplitude of r-mode oscillations, the phase-conversion dissipation (P dis ∝ α 3 , analytical approximation represented by the dashed curve) is suppressed relative to the gravitational radiation (P gr ∝ α 2 ) and therefore plays no role in damping the r-mode. If other damping mechanisms are too weak to suppress the r-mode, its amplitude will grow. However, as the amplitude grows, the phase-conversion dissipation becomes stronger, and in this example there is a saturation amplitude α sat at which it equals the gravitational radiation, and the mode stops growing. At high amplitude in the suprathermal regime (T ∆µ µ) which corresponds to large density/pressure oscillations not assumed true here, the dissipated power is proportional to α 2 . Varying parameters such as the size of the quark core, the rotation frequency, or temperature of the star will shift these curves, and if PCD is too weak then there will be no intersection point (P gr will be greater than P dis at all α) and the growth of the mode cannot be stopped by PCD. However, we can see that if saturation occurs, the resultant α sat would be in the low-amplitude regime, where an analytical approach is available (P dis ≈ P sub dis ) and the saturation amplitude is extraordinarily low, of order 10 −12 . FIGURE 4 shows the results when varying phase transition parameters, while the hadronic matter is described by the widely-used SFHo EoS [39] . On panel (a) two quantities are plotted against the quark core ratio R b /R for each hybrid EoS, the validity parameter val and the approximate saturation amplitude α is obtained by setting P sub dis = P gr as shown in FIGURE 3(b), and to leading order it is a good approximation to the true value of α sat calculated numerically for P dis = P gr . Requiring the next-to-leading (NLO) contribution to be less than a fraction of the total dissipated power yields the validity condition val 1. It is also found that the mass or quark core size associated with such condition is close to the limiting case where PCD will not stop the growth of r-mode. As can be seen from the figure, this minimum mass or minimum quark core size is sensitive to the phase transition density n trans : for n trans = 2.5 n 0 , most of the hybrid stars 1 M with R b /R 0.3 can have effective damping, whereas for n trans = 4.0 n 0 , only massive stars ≈ 2 M with R b /R 0.5 qualify. It will be interesting to test if this trend still holds for hybrid stars on the "disconnected" branch (a strong sharp transition), which normally entail larger ∆ε 0.7 and lower transition densities n trans 2.5 n 0 to satisfy the 2 M constraint when a soft EoS such as SFHo is chosen, implying all neutron stars we observe are in fact hybrid stars.
SUMMARY AND OUTLOOK
Gravitational wave-based probes of neutron star structure have smaller systematic uncertainties than electromagnetic probes, and it is likely that GW detectors may eventually be better at measuring radii of NSs than X-ray satellites. In the near future, with advanced LIGO upgraded and several newly-built detectors become online, further observations of multiple merger events are expected to impose effective constraints on the NS internal composition. Possible precise measurements of the moment of inertia via pulsar timing [40, 41] in the next decade, which combined with testing the universal relation, hold promise for distinguishing among EoS models with and without strong phase transitions. Moreover, plenty of work are being carried out on the side of nuclear theory and experiment, aiming to narrow down uncertainties in the pure neutron matter EoS around 1-2 times saturation density, and derive constraints from symmetric nuclear matter at even higher densities [42] ; on the other hand, appropriate incorporation of phase transitions model-independently is still lacking in the modeling of data and/or numerical simulations.
